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Development of Curvature Sensitive Nonlinear
Eddy-Viscosity Model

S. Fu¤ and W. Q. Qian†

Tsinghua University, Beijing 100084, People’s Republic of China

Current widely used turbulence closures, except the full second-moment closure, cannot properly account for
the suppression of turbulence by convex curvature and the enhancingeffect by concave curvature. Particularly, the
failure of the explicit algebraic stress model (EASM) to capture the curvature strain effects in curved � ows can be
attributed to the equilibrium assumption embodied in EASM. Thus, the algebraic stress model (ASM) approach
is reexamined in the framework of a generalized curvilinear coordinate system. In the approach, the equilibrium
assumption applies only to the gradient part of convective transport while the curvature-related algebraic terms in
the Reynolds stress convection process are retained. In this way, a curvature sensitive ASM is derived and is further
transformed into an explicit nonlinear eddy-viscosity model in an orthogonal coordinate system. With this newly
developed explicit ASM to predict the curved � ow in a two-dimensional U duct, it is observed that the turbulence
suppression at the convex wall is successfully captured.

Nomenclature
bi j = Reynolds stress anisotropy tensor
C i j = physical component of OC i j

OC i j = contravariant form of Reynolds stress convection
C i j

(G) = gradient part of C i j

C i j
.R/ = curvature sensitive part of C i j

Di j = physical component of OD i j

ODi j = contravariant form of Reynolds stress diffusion
g = determinant of gi j

gi j = contravariantmetric tensor
gi j = covariant metric tensor, .@xm =@yi /.@xm=@y j /
H = duct height
k = turbulent kinetic energy
P i j = physical component of OP i j

OP i j = contravariant form of Reynolds stress generation
r = radial coordinate in the circular section of U duct
Si j = mean strain rate
s = coordinate along U-duct centerline; 0 at duct entrance
U i = physical component of the mean

contravariant velocity V i

QU i = instantaneousphysical component of Ovi

U0 = average inlet � ow velocity
u i = physical component of � uctuating

contravariant velocity vi

u i u j = physical component of contravariantReynolds stress
V i = mean contravariant velocity component
vi = � uctuating contravariant velocity component
Ovi = instantaneouscontravariantvelocity component

QU i =
p

gii (no summary on i )
vi v j = contravariantReynolds stress
W i j = mean � ow vorticity
W 0i j = new effective vorticity
0i jk = Christoffel symbol of the � rst kind,

[i j; k] ´ 1
2
[.@gik =@x j / C .@g jk =@x i / ¡ .@gi j =@ xk /]
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0k
i j = Christoffel symbol of the second kind

»
k

i j

¼
´ gk® [i j; ®] D gk® 0i j®

± i j = Kronecker delta
² = dissipation rate of turbulent kinetic energy
²i j = physical component of O² i j

O²i j = contravariant form of Reynolds stress dissipation
µ = tangential coordinate in the circular section of U-duct
¿ 12 = Reynolds shear stress
8i j = physical component of O8i j

O8i j = contravariant form of Reynolds stress redistribution
!i j = additional term of vorticity deduced from C i j

.R/

I. Introduction

F LOWS in engineering applications often occur in curved ge-
ometry, for example, curved channels, ducts and pipes, bends,

and curved surfaces.In computational� uid dynamicsstudyof these
� ows, it is usually desirable to adopt a form of body-� tted and or-
thogonal grids to ensure that the boundary condition be applied
properly and to achieve higher numerical accuracy. In terms of the
� ow physics, curved turbulent � ows are known to exhibit features
distinct from � ows with simple shear.1¡3 Flows over convex sur-
faces experience suppression on the turbulence level that can be so
strong as to cause � ow relaminarization.4 Concave surfaces, on the
other hand, enhance � ow turbulence.Thus, appropriatelyresolving
these delicate curvature effects on turbulent � ows can be of cru-
cial relevance to the success of numerical calculationof � ows with
curved geometry.

It is well known, however, that the current widely used low-level
turbulence closures, for example, the series of one-equation and
two-equationeddy-viscositymodels,are insensitiveto curvatureand
that only the cubicnonlineareddy-viscositycan capture the effect of
streamlinecurvatureto someextent.5 For theexplicitalgebraicstress
model (EASM), which was developed by Pope6 and Gatski and
Speziale7 and believed to possess more physics in the model struc-
ture, it is observedby Rumsey et al.8 and Luo andLakshminarayana9

that this quadratic nonlinear eddy-viscositymodel also fails to cap-
ture thecurvaturestraineffect.This failurewas attributedbyRumsey
et al.8 to the equilibrium assumption Dbi j =Dt D 0, embodied in the
EASM. They put forward the idea of assuming anisotropy equilib-
rium in the referenceframe de� ned by the principleaxesof the strain
rate tensor,10 that is, replacing the assumption of Dbi j=Dt D 0 with
D Nbi j =Dt D 0, where Nbi j is the transformed anisotropy tensor in the
principle axes coordinate frame. Numerical results show that this
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modi� cation is valid in the curved region of the � ow� eld, but only
somewhat minor improvement is achieved in the calculated pro� le
of shear stress and skin-frictionpro� les.10

It also has been suggested by Rodi and Scheurer11 that the weak
equilibriumassumption is better evaluatedfor the anisotropytensor
expressed in a streamline-based coordinate system. In cases with
modestly curved streamlines, the choice of coordinate system has
a rather minor effect; however, in cases with strong streamline cur-
vature, this effect is dominating. Thus, Girimaji12 suggested appli-
cation of the weak-equilibrium assumption in a � ow acceleration
coordinate system, and this led to a Galilean invariant EASM for
curved � ows. Wallin and Johansson13 recently further developed
this idea and obtained a simpli� ed form of this Galilean-invariant
EASM. However, in Girimaji’s and Wallin and Johansson’s EASM,
the values of acceleration vector and the rate of change of acceler-
ation vector are to be calculated. This point is likely to hinder their
further application in engineering � ow calculations.

On the other hand, in the study of swirling curved � ows, a num-
ber of investigationshave illustrated that the algebraic stress model
(ASM) assumption causes the loss of swirl-related curvature terms
that appear naturally in the cylindric coordinates.14;15 Even in the
second-momentclosure,thesecurvaturetermswere foundto playan
important role in the pressure–strain model. For instance, Gibson
and Younis15 were able to obtain improved computational results
when the curvature terms were “pressure-scrambled” to enhance
the swirl effect.

In the present work, the ASM approach is reexamined in the
framework of a generalized curvilinear coordinates system that is
usually adopted to describe arbitrary � ow geometry.The curvature-
relatedalgebraicterms in the Reynoldsstressconvectionprocessare
retained, and the equilibrium assumption applies only to the gen-
uine convective transport, the gradient part. In this way, a curvature
sensitive ASM is derived and is further transformed into an explicit
orthogonal form denoted as curvature-modi�ed EASM (EASM-C)
in the following analysis. The use of the orthogonality condition
stems from two considerations:1) signi� cant reduction in the com-
plexity of the curvature sensitive EASM formulation and 2) better
numericalaccuracy.The newly developedEASM-C is applied to the
predictionof the � ow in the two-dimensionalU duct. It is observed
that the turbulence suppression at the convex wall is successfully
captured with EASM-C.

II. Flow Governing Equations in Contravariant Forms
In the presentstudy, the � ow is assumed to be incompressibleand

isothermal with constant viscosity. The instantaneous � ow govern-
ing equations are written in contravariant tensor form to keep them
form invariant in an arbitrary coordinate system. Based on these
contravariantequation forms, transformationof the coordinate sys-
tem � tted to any curved � ow geometries can appropriatelyprovide
deeperunderstandingof the effect of curvatureon the turbulent� ow.

The derivation of the following equations requires extensive ten-
sor analysis.For a detaileddescriptionof this subjectand its applica-
tion in � uid mechanics, readers are referred to the textbookson ten-
sor and continuum mechanics, for example, that by Sokolnikoff.16

A. Continuity Equation
The continuity equation in contravariant form can be written as

Ovi
;i D 0 (1)

In expanded contravariantform, Eq. (1) can be further written as

@ Ovi

@x i
C 0i

ki Ovk D 0 (2)

From the theory of tensor it can be shown 0 i
ki D @.

p
g/=@x k ;

hence, the continuity equation can also be written as

@ Ovi

@x i
C Ovk

@
¡ p

g
¢

@ xk
D 0 (3)

where g is the determinant of gi j , that is, g D jgi j j.

B. Navier–Stokes Equations
The Navier–Stokes equation in contravariantform can be written

as

Ovi
;t C Ovk Ovi

;k D ¡.1=½/gki Op;k C º Ovi
;kl g

kl (4)

In expanded form it reads

@ Ovi
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C Ovk

³
@ Ovi

@x k
C 0i

kl Ovl

´
D ¡ 1

½
gki Op;k C ºgkl
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@ xk
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p
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@ Ovi
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³
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C 0i

mk0
m
pl ¡ 0i

pm 0m
lk

´
Ov p

¶
(5)

In Eq. (5), all of the terms related to the Christoffel symbol are
curvature terms. It is understood here that the term related to the
Christoffel symbol on the left-hand side of the equation denotes
the curvature acceleration and that the Christoffel symbol terms on
the right-hand side representcurvature modi� cations to the viscous
diffusion in the Navier–Stokes equation.

C. Ensemble-Averaged Flow Equations
In turbulent � ows, the continuity and momentum equations just

presented describe the instantaneous� ow� eld. Following the well-
known Reynolds decomposition procedure, the instantaneous � ow
quantity, for instance, the contravariant velocity component Ovi ,
becomes

Ovi D V i C vi (6)

Hence, the mean and the � uctuating continuity equations are

V i
;i D 0; vi

;i D 0 (7)

The ensemble-averaged Navier–Stokes equation in the con-
travariant form, therefore, can be written as

V i
;t C V k V i

;k D ¡.1=½/gki P;k C ºgkl V i
;kl ¡ .vi vk /;k (8)

The last term in Eq. (8), commonly known as Reynolds stress in
contravariant form, occurs as a result of ensemble averaging.

D. Reynolds Stress Transport Equations
1. Contravariant Forms

The Reynolds stress transport equations can be readily derived
from the Navier–Stokes equations. The detailed derivation proce-
dures are omitted here, only the � nal equation in the contravariant
form is given:

OC i j D .vi v j /;t C V k.vi v j /;k D ODi j C OP i j C O8i j ¡ O²i j (9)

where

ODi j D
£
ºgkl .vi v j /;l ¡ gik pv j =½ ¡ g jk pvi =½ ¡ vi v j vk/

¤
;k

OP i j D ¡vi vk V j
;k ¡ v j vk V i

;k

O8i j D
£
gik .pv j /;k C g jk .pvi /;k

¤¯
½

O²i j D 2ºgkl vi
;kv

j
;l (10)

The terms OC i j , ODi j , OP i j , O8i j , and O²i j , in Eq. (10) represent stress
convection, diffusion, generation, redistribution, and dissipation,
respectively.

Equation (9) provides the Reynolds stress transport equation in
the contravariant form. To appreciate the curvature effects on the
Reynolds stresses, it is necessary to examine the equation in the
expanded form. Here, attention will be focused on the stress con-
vection and generation terms because the diffusion term often plays
a minor part in the stress transport process. The expansion of the
convection term can be written as

OC i j D @vi v j

@t
C V k

³
@vi v j

@x k
C 0i

lkv
lv j C 0

j
lk vl vi

´
(11)
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The stressgenerationratewritten in theexpandedcontravariantform
reads

OP i j D ¡vi vk

³
@V j

@x k
C 0

j
lk V l

´
¡ v j vk

³
@V i

@x k
C 0i

lk V l

´
(12)

Note that the curvature terms related to the Christoffel symbol 0 i
jk

are identicalin both OC i j and OP i j expressionsbutwith oppositesigns.

2. Physical Componental Forms
For application,the precedinganalysisbasedon the contravariant

forms needsbe transformedinto the correspondingphysicalcompo-
nental forms. The relationship between the contravariantReynolds
stresses vi v j and their counterparts in physical components u i u j is

vi v j D
u i u j

p
gii g j j

or ui u j D p
gi i g j j vi v j (13)

Thus, the physicalcomponentformof the Reynolds stress equations
can be written as

C i j D D i j C P i j C 8i j ¡ "i j (14)

where

C i j D p
gii g j j

OC i j ; Di j D p
gii g j j

ODi j ; P i j D p
gii g j j

OP i j

8i j D p
gii g j j

O8i j ; ²i j D p
gii g j j O²i j

Because we are only interested in the convectionterm, the expanded
form has the following expression:

C i j D @u i u j

@t
C

U k

p
gkk

@u i u j

@ xk

| {z }
C

i j
.G/

¡ui u j
@
¡ p

gi i g j j

¢

@t| {z }
C

i j
.T /

¡u i u j
U k

p
gkk

@
¡ p

gii g j j

¢

@x k
C

U k

p
gkk

³
0i

kl

r
gii

gll
ulu j C 0

j
kl

r
g j j

gll
u i ul

´

| {z }
C

i j
.R/

(15)

For many practicalapplications,thecoordinatesystemsare indepen-
dent of time, that is, C i j

.T /
D 0. The precedingexpression,thus, shows

that in the generalizedcurvilinearcoordinate system the convection
of Reynolds stresses consists of two components: the gradient term
C i j

.G/ and the curvature term C i j
.R/ , that is, C i j D C i j

.G/
C C i j

.R/.

III. Derivation of Curvature Sensitive Nonlinear
Eddy-Viscosity Model

A. Curvature Terms
The curvature term C i j

.R/ shown in expression (15) is algebraic in
the Reynolds stresses. The contraction of the indices i and j of this
curvature term gives

C ll
.R/ D ¡

U k

p
gkk

µ
ul ul

@. gll /

@x k
¡ 20l

ks

r
gll

gss
usul

¶
(16)

From the mathematicalformality (AppendixA), an important prop-
erty of this contraction in the orthogonal curvilinear coordinate
system is

C ll
.R/ D 0 (17)

For instance, in the cylindric polar coordinate system, it is known
that the curvature term C i j

.R/ in the componental form can be written
as

C zz

.R/ D 0; C rr
.R/ D ¡C µ µ

.R/ D 2ur uµ .U µ =r/

C zr
.R/ D .ur ur ¡ uµ uµ /U µ =r (18)

that is, C zz
.R/

C C rr
.R/

C C µµ
.R/

D 0. This suggests that no curvatureterms
occur in the turbulence kinetic energy equation.

For the convenience of the derivation of the EASM sensitive to
the curvature effect, the curvature term C i j

.R/ is better written in the
Reynolds stress anisotropic form

C i j
.R/

D ¡2k
U k

p
gkk

"
@
¡ p

gii g j j

¢

@x k
bi j ¡ 0i

kl

r
gi i

gll
bl j ¡ 0

j
kl

r
g j j

gll
bli

C 1
3

Á
@
¡ p

gi i g j j

¢

@x k
±i j ¡ 0i

kl

r
gi i

gll
±l j ¡ 0

j
kl

r
g j j

gll
±li

!#

| {z }
M i j

(19)

where bi j is a Reynolds stress anisotropy tensor, that is, bi j D
u i u j=.2k/ ¡ ±i j =3. Through the de� nition of the Christoffel sym-
bol of the second kind, 0i

kl and 0
j
kl , it can be further deduced that

the second line in the preceding expression may be rewritten as

M i j D 1
p

gii g j j

@

@x k

¡p
gii g j j ±i j ¡ gi j

¢
(20)

This expression shows that M i j has zero trace, consistent with the
requirement that C ll

.R/
D 0. What is more signi� cant is that the off-

diagonal elements in M i j , that is, i 6D j , also equal zero when the
coordinate system is orthogonalbecause the orthogonalitysuggests
gi j D 0 for i 6D j . Thus, it is seen here that in the orthogonal curvi-
linear coordinate system M i j D 0 and that the curvature terms, as
well as the later curvaturesensitive ASM, can be greatly simpli� ed.

B. Equilibrium Assumption: ASM
The ASM is based on the assumption that the turbulence

anisotropyis in an equilibriumstate; mathematically this means the
Reynoldsstressanisotropyis constantin time and space,bi j D const.
In this respect, all of the gradients of bi j vanish. However, the ex-
isting ASM is derived on a Cartesian tensor basis in which there is
no explicit considerationof the curvature effect. The assumption is
often spelled out mathematically as

C i j ¡ Di j D .ui u j =k/
¡
C .k/ ¡ D.k/

¢
(21)

that is, the transport of the Reynolds stresses is proportional to that
of the turbulencekinetic energy. This expressionapplies not only to
the gradientpart but also to the algebraiccurvaturepart of the stress
convection that is not necessarily consistent with the equilibrium
assumption.

To retain the curvature terms in the stress convection process, a
modi� ed approach to the conventionalASM assumption would be

C i j
.G/

¡ Di j D .u i u j=k/
¡
C .k/

.G/
¡ D.k/

¢
(22)

Here, only the gradient part of the convection term is involved,
whereas the curvature terms remain in the equation because they
require no modeling. When the assumption in Eq. (22) is adopted
rather than the one in Eq. (21), a new ASM retaining the curvature
effect in convection can be derived, which reads

2Gbi j D
¡
P i j ¡ 1

3 ± i j P ll
¢

C 8i j C
¡
C i j

.R/
¡ 1

3 ± i j C ll
.R/

¢
(23)

where G D P ¡ ² C C ll
.R/=2. The pressure–strain correlations 8i j

can take any of the model forms available, for example, the Gibson
and Launder (GL)17 model, Launder et al.18 model, Speziale et al.19

model, or Fu et al.20 model. Note that, in the Cartesian coordinate
system, the preceding expression is identical to the existing ASM
because no curvature terms occur.

C. Explicit Curvature-Sensitive ASM
As discussed before, the orthogonalitycondition leads to signi� -

cant simpli� cation in the representationof the curvature terms. The
followingderivation,thus, takesadvantageof theorthogonalitycon-
dition. To obtain the explicit curvaturesensitiveASM in orthogonal
form, Eq. (19) is rewritten as
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C i j
.R/

D 2[Â i j bi j C k.bil Ä jl C b jl Äil /] (24)

where

Â i j D ¡k
U k

p
gkk

@
p

gii g j j

@x k
; Äi j D 0 i

k j

U k

p
gkk

r
gii

g j j
(25)

because M i j D 0 in the orthogonal condition. The term Äi j can be
decomposed into two parts, one antisymmetric part, !i j , and the
other a symmetric part, ³ i j , that is,

Äi j D !i j C ³ i j (26)

with

!i j D
U k

2
p

gkk

³
0i

k j

r
gii

g j j
¡ 0

j
ki

r
g j j

gii

´

³ i j D
U k

2
p

gkk

³
0 i

k j

r
gii

g j j
C 0

j
ki

r
g j j

gii

´
(27)

Further derivation shows that the term ³ i j is in fact diagonal, and
the following expression can be obtained in the orthogonal coordi-
nate system (Appendix B):

Â i j bi j C k.bil ³ jl C b jl ³ il / D 0 (28)

Hence, the complexity related to the preceding expression van-
ishes, leading to a signi� cant simpli� cation in C i j

.R/ in the curvature-
sensitive ASM, that is, Eq. (24) can be reduced to

C i j
.R/

D 2k.bil ! jl C b jl !il / (29)

When this expression is substituted and GL or any linear model
is adopted for the pressure–strain correlations 8i j in Eq. (23), the
following algebraic equation for bi j can be obtained:

2Gbi j D
£
C2 ¡ 4

3

¤
kS i j C .C3 ¡ 2/k

¡
bil S jl C b jl Sil ¡ 2

3
bmn Smn±i j

¢

C .C4 ¡ 2/k.bil W jl C b jl W il / ¡ 2k.bil ! jl C b jl !il / (30)

where C1, C2, C3, and C4 are model parameters, whose values are
consistent with the model expression for the pressure–strain corre-
lations 8i j .

Note that Si j is symmetric in i and j and that W i j and !i j are an-
tisymmetric terms. Following the practice of Gatski and Speziale,7

Fu et al.,21 and Rung et al.,22 the curvature sensitive ASM in the
orthogonal form can be expressed explicitly as

u i u j D 2
3
±i j k ¡ 2ºt

£
Si j C ¯2.k=²/.Sil W 0 jl C S jl W 0il /

¡ ¯3.k=²/
¡
Sil Sl j ¡ 1

3 ±i j Skl Slk
¢¤

(31)

Here

W 0i j D W i j ¡ 2!i j =.C4 ¡ 2/ (32)

ºt D C ¤
¹k2

¯
²; C¤

¹ D 3¯1.1 C ´2/=[3 C ´2 C 6» 2.1 C ´2/]

´2 D .¯3S/2=8; » 2 D .¯2Ä/2=2

S D .k=²/
p

2Si j Si j ; Ä D .k=²/
p

2W 0i j W 0i j

The model coef� cients ¯1, ¯2 , ¯3, and C4 take the values 0.095,
0.14, 0.28, and 1.2, respectively, consistent with the GL pressure–
strainmodel. As it appears in expression(31), this is a new nonlinear
eddy-viscositymodel EASM-C.

Note that, althoughthe orthogonalityassumptionis adaptedin the
present derivation to achieve the explicit form of curvature sensi-
tive ASM, extension of this idea to the nonorthogonal formulation,
however, is straightforwardbut much more elaborate.

IV. Model Validation
A. Case Study

In this section,a typical two-dimensionalU-type turnaroundduct
� ow,1 shownin Fig. 1, is chosenas thenumericalexampleto validate
the EASM-C. The Reynolds number of the � ow is Re D 106 , based
on the average inlet � ow velocityU0 and the width of the duct H . In
the bend section, the ratio of the outer wall radius to the inner wall
radius is 3.

When the EASM-C is applied to the numerical simulation of this
� ow, the streamwise and normal directions of the � ow are chosen
as the two computational coordinates, and the whole � ow� eld is
divided into three parts, two planar duct sections and one circular
between them. In the planar duct part, the � ow governing equation
is the Reynolds averaged Navier–Stokes (RANS) equation in the
Cartesian (x; y) coordinatesystem, whereas in the bend the govern-
ing equationis written in the polar (µ; r) coordinatesystem.Because
no curvature terms occur explicitly in the Cartesian coordinate sys-
tem, only the � ow transportequationsin the polar coordinatesystem
are discussed, that is,

@.U µ Á/

r@µ
C

@.rU r Á/

r@r
D

@

r@µ

³
0Á

@Á

r@µ

´
C

@

r@r

³
r0Á

@Á

r@r

´
C SÁ

(33)

This equation stands for the continuity, µ -direction momentum,
r -direction momentum, turbulent kinetic energy (TKE), and TKE
dissipation rate equation,when Á is taken as 1, U µ , U r , k, and ² , re-
spectively.0Á is the diffusion coef� cient of the transportvariableÁ,
and SÁ is the source term. In particular, for EASM-C, the curvature
effect term !12 (or !µr ) de� ned in Eq. (27) takes the form

!12 D ¡!21 D U µ =r (34)

and thiseffect is includedin the source term of SÁ (Á D U µ ,U r , k, ²).
In the numerical solution process, the RANS is solved on a non-

staggered H-type grid system. The convection and diffusion terms
in RANS are discretized with a second-order accurate Zhu’s23 and
a central difference scheme, respectively. To obtain the pressure
� eld, the SIMPLE algorithm, in conjunction with the momentum-
interpolation technique, has been adopted to treat the pressure–
velocity coupling on the nonstaggered grid system. To ensure nu-
merical accuracy, a grid-independence study was performed. Two
sets of grid systems, that is, a 270£ 100 grid and a 350£ 200 grid,
have been used for computation, and negligible difference was de-
tected in their � nal results. Then, the � ne grid was used to minimize
the truncation errors in the separated � ow region. In terms of the
computational boundary conditions, the inlet conditions are speci-
� ed with the experimental data of Monson et al.1 The wall function
is applied to both the inner and the outerwall of this turnaroundduct
to bridge the gap between the logarithmic layer and the wall. At the
exit boundary,the partialdifferenceof all of the � ow variablesalong

Fig. 1 Streamlines of the � ow in a two-dimensional U duct (obtained
with EASM-C).



FU AND QIAN 2229

the streamwise direction is set to zero. The convergencecriterionof
computation is taken as a four-decade drop of rms residual of the
continuity and momentum equations and 2.5-decade drop of rms
residual of the ² equation.

B. Numerical Results and Discussion
With the aforementioned numerical method, the numerical re-

sults of two turbulence models, the EASM proposed by Gatski and
Speziale,7 and the EASM-C developed in this work, are presented
here. These results are also compared with the experimental (Exp)
results of Monson et al.1 and the numerical results of the Reynolds
stress model (RSM) obtained from Luo and Lakshminarayana.9

The � ow aroundthe two-dimensionalU duct is generallyfeatured
in Fig. 1 and shows the computed streamlines with the EASM-C.
The predicted and experimental pro� les of the streamwise veloc-
ity U , the turbulence kinetic energy k, and the Reynolds shear
stress ¿ 12 at three stations, that is, µ D 0, µ D 30, and µ D 90 deg
are shown in Figs. 2a–2c, where the results of EASM, EASM-C,
RSM, and Exp. are drawn with solid lines, dotted lines, dashed
lines, and circles, respectively.At station µ D 0 deg, where the bend
begins, the mean velocity pro� les predicted by all of the models
are in agreement with the experimental data. For the k pro� les,
EASM and EASM-C yield similar results in that they agree with
the experimental data at the concave wall but overpredict the mag-
nitude of k near the convex wall to a large extent. For the shear
stress pro� le, the EASM and EASM-C exhibit a big difference in
that the EASM even predicts a wrong sign for ¿ 12 near the convex
wall.

As the � ow reaches position µ D 30 deg into the bend, the curva-
tureof thebendexerts signi� cant in� uenceon the turbulencelevelof
the � ow. The � ow turbulenceis strongly suppressednear the convex
wall,whereasturbulenceenhancementoccursnear the concavewall.
The EASM fails to re� ect the curvature effect, greatly overpredict-
ing the turbulence energy and shear stress level at the convex wall,
whereas the results of EASM-C seem better.The EASM-C captures
a signi� cant suppression of k and ¿ 12 pro� les near the convex wall
and is in good agreement with the experimental data. The superior-
ity of the EASM-C to the EASM should be purely attributed to the
curvature modi� cation in the EASM-C. For the outer wall, the re-
sults of EASM, EASM-C, and RSM all fall within the the error band
of the experiment, and it is dif� cult to decide whether the EASM-C
is more capable of treating the curvature effect near the concave
wall.

At position µ D 90 deg, the major features of the � ow are similar
to those observed at µ D 30 deg. The EASM-C results follow the
curvature effects quite well as the � ow turns around, although the
turbulence enhancement at the concave surface is underpredicted,
in a manner similar to the RSM results. Again, the EASM results
show less sensitivity to the bend than EASM-C and RSM results,
signi� cantly overpredicting k and ¿ 12 levels at the convex surface.
The underprediction of the maximum level of turbulence for all
three models is likely caused by the inadequacy of the pressure–
strain model and the ² equation to account for the large-scalevortex
structures in concave curved � ow.9 The bene� t of the EASM-C
to treat the curvature effect near the concave wall is now hard to
determine.

Shown in Figs. 3a–3c are predicted and experimental pro� les of
the streamwise velocity U , the turbulence kinetic energy k, and
the Reynolds shear stress ¿ 12 at the other two stations, that is,
µ D 180 deg and x D 2h downstreamof the bend.In fact, the � ow en-
counters an adverse pressure gradient on the inner convex wall and
a favorablepressuregradienton the outer concavewall downstream
of µ D 90 deg. Because of the severe adverse pressure gradient, as
well as highly diminished turbulent shear stress, the boundary layer
separates in the experiment1 around µ D 150 deg on the convex wall
and extends to x=H D 1:2–1.5 downstreamof the end of bend, with
mean maximum height of 0:14H . Both the EASM-C and EASM
predict this � ow recirculation accurately. The computed � ow� eld
streamlines with EASM-C (Fig. 1) indicate that the � ow separates
near µ D 172 deg and reattaches at x=H D 1:2 downstream of the
end of bend, with maximum bubble height of 0:15H . However,
there is a signi� cant discrepancy between the numerical and the

a)

b)

c)

Fig. 2 Pro� les at µ = 0, 30, and 90 deg, turnaround duct case, Re = 106.

experimental results in the turbulence quantities at the end of the
bend. The experimental data show a very strong peak in k and ¿ 12

pro� les in the vicinity of the separating streamline (µ D 180 deg) at
the convex surface.This � ow behavior is not capturedby any of the
turbulence models here. These large peak values in k and ¿ 12 had
been considered to result from the large unsteadiness of the sepa-
ration bubble, as observed in the experiment of Monson et al.1 At
x=H D 2 downstreamof the end of the bend, the � ow has reattached
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a)

b)

c)

Fig. 3 Pro� les at µ = 180 deg and x/H = 2, turnaround duct case,
Re = 106 .

a) Inner wall

b) Outer wall

Fig. 4 Wall skin-friction coef� cients, turnaround duct case, Re = 106.

Fig. 5 Wall static pressure coef� cients, turnaround duct case, Re = 106.
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and started to recover. All of the computed pro� les of k and ¿ 12 fol-
low the measurement data, but a signi� cant difference occurs as a
result of the unsteadinessof the recirculationbubble.

Shown in Figs. 4 and 5 are the comparisons of the friction and
pressure coef� cients along the inner and outer walls (where s is the
arc length to the inlet). It is seen from Figs. 4 and 5 that the result
of EASM-C is close to that of EASM; both results nearly separate
and reattach in the same location. However, further referencing the
numerical data, a slight improvement can be detected, that is, the
� ow calculatedwith EASM-C separates near µ D 172 deg and reat-
tachesat x=H D 1:2 downstreamof the end of bend as stated before,
whereas the � ow calculatedwith EASM separatesnear µ D 174 deg
and reattaches at x=H D 1:25 downstream of the end of bend. This
improvement of curvature modi� cation is not as signi� cant as that
of shear stress pro� le, and it may be attributed to the wall function
approach used in the numerical process.

The preceding numerical comparisons of the models’ perfor-
mance in the two-dimensionalU-duct � ow clearly validated the ar-
gumentunderliningtheEASM-C. To furtherunderstandthephysical
reasoningbehind the EASM-C, it is appropriateto highlight the cur-
vature effects on the explicit constitutive relation for the Reynolds

a)

b)

Fig. 6 Pro� les of shear stress and TKE at µ = 90 deg, turnaround duct
case, Re = 2:1 £ 105 .

shear stress ¿ 12. From Eq. (31),

¿ 12 D ¡2ºt

©
S12 ¡ .k=²/

£
¯2.S11 ¡ S22/W 012 C ¯3 S1l Sl1

¤ª
(35)

Here, the effective vorticity term W 0 can be written as

W 012 D W 12 C 2

2 ¡ C4
!12 D 1

2

³
@U r

r@µ
¡ @U µr

r@r

´
C 2

2 ¡ C4

U µ

r
(36)

Thus, the curvature term !12 introduced can be considered as an
apparentvorticityin theprecedingexpressionmodifying@U µ r=r@r .
It is clear that at the convex surface these two terms have the same
positive sign, suggesting a diminishing effect on W 012 , whereas at
the concavewall,@U µ r=r@r turnsnegativeand the net effecton W 012

is enhancement that leads to increased level in ¿ 12. This behavior
is the underliningmechanism that improves the performanceof the
EASM-C.

C. Two Other Cases
Two additionalcasesaretested.First, the � owwith a con� guration

similar to that discussed in last section is reconsidered. However,
now the Reynolds number of the � ow is Re D 2:1 £ 105. EASM and
EASM-C models are used to simulate this � ow, and the compu-
tations are performed on the 270 £ 100 coarse grid for simplicity.
The predicted pro� les of the turbulence kinetic energy k and the

a) Inner wall

b) Outer wall

Fig. 7 Wall skin-friction coef� cients, 90-deg bend case, Re = 2:2 £ 105.
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Reynolds shear stress ¿ 12 at the µ D 90 deg station are compared to
experimental results2 in Figs. 6a and 6b. It is shown that the result is
close to that presented in Figs. 2b and 2c. Under this circumstance,
the EASM-C also captures the damping effect of curvature at the
concavewall well, but underpredictsthe turbulenceenhancementat
the concave surface.

Second, a 90-deg bend is investigated. In the circular section,
the ratio of the outer wall radius to the inner wall radius is 4:3.
The Reynolds number of the � ow is Re D 2:2 £ 105. The EASM
and EASM-C are used to solve this � ow, and the computations are
also performedon the 270 £ 100 coarsegrid.The calculatedfriction
coef� cients along the inner and outer wall of the bend are compared
to experimental values24 in Figs. 7a and 7b. It can be seen that the
resultof EASM-C is somewhatcloser to the experimentalresult than
EASM, and this improvement is surely attributed to the curvature
modi� cation in the EASM-C.

V. Conclusions
Through the analysis of the Reynolds stress transport equations

written in a curvilinear coordinate system and the identi� cation of
the curvature terms in the stress convection, the present work for-
mulated a curvature sensitive algebraic stress model. This model is
rigorously transformed into an explicit Reynolds stress constitutive
relation, EASM-C, which is, effectively, a nonlinear eddy-viscosity
model. The curvature sensitivity in the EASM-C is introduced in
the form of effectivevorticity,which is modi� ed with the curvature-
related terms. It is observedin thenumericalvalidationof the model,
calculations of the two-dimensional U duct and 90-deg bend � ow,
that the EASM-C is indeed able to capture the turbulence suppres-
sion at the convex surface, which had only been resolved, previ-
ously, with the RSM, the full second-moment closure. The present
EASM-C, thus, provides a simple but effective alternativeapproach
to the traditional RSM to capture the � ow curvature effects. How-
ever, for the concave surface, the ability of EASM-C to capture the
turbulence enhancement effect is hard to determine from the avail-
able data. Because the turbulence enhancement effect is been be-
lieved to be driven by a three-dimensionaleffect, three-dimensional
computation is needed to check the rationale of the EASM-C
further.

Appendix A: Derivation of Equation (17)
In orthogonalcurvilinearcoordinatesystem,gi j D gi j D 0 if i 6D j ,

and 0i
jk D gir 0 j kr D gii 0 jki . Thus,
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When the identities@gi j=@x k D 0 jki C 0i k j and @gll=@x k D 20kll are
substituted into the preceding equation and the sum index s, l is
rewritten to be i , j , the preceding equation is simpli� ed as
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Appendix B: Derivation of Equation (28)
First, with the expression 0i

jk D gir 0 j kr D gii 0 jki in the orthogo-
nal coordinate system, ³ i j can be rewritten as
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Thus, ³ i j has diagonal elements only.
Second, when ³ i j is considered diagonal, the expression for

Â i j bi j C k.bil ³ jl C b jl ³ il / can be simpli� ed as
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Therefore, the term relating to Â i j and ³ i j in Eq. (24) vanishes.
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